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Abstract
A mapping between continua is said to be feebly monotone if whenever the range is the union of
two proper subcontinua, their preimages are connected. Basic properties of these mappings and their
connections with related classes of mappings are investigated. Further, some special properties of
continua as indecomposability, irreducibility, unicoherence, and some other are studied when applied
to either the domain or the range of the considered mapping. Finally terminal subcontinua and related
concepts are discussed pertinent to feebly monotone mappings. Ó 2000 Elsevier Science B.V. All
rights reserved.
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1. Introduction
All spaces considered in this paper are assumed to be metric. A continuum means a
compact connected space. A mapping means a continuous function.
A mapping f :X→ Y between continua X and Y is said to be:
– open provided that the image of an open subset of the domain is open in the range;
– light provided that point inverses are zero-dimensional;
– monotone provided that point inverses are connected (equivalently, if inverse images
of subcontinua of Y are connected);
– almost monotone provided that for each subcontinuum Q in Y with the nonempty
interior the inverse image f−1(Q) is connected;
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– quasi-monotone provided that for each subcontinuum Q in Y with the nonempty
interior the inverse image f−1(Q) has a finite number of components and f maps
each of them onto Q;
– weakly monotone provided that for each subcontinuum Q in Y with the nonempty
interior each component of the inverse image f−1(Q) is mapped under f onto Q;
– feebly monotone provided that if A and B are proper subcontinua of Y such that
Y =A∪B , then their inverse images f−1(A) and f−1(B) are connected;
– confluent provided that for each subcontinuumQ in Y each component of the inverse
image f−1(Q) is mapped under f onto Q.
Properties of open, monotone and quasi-monotone mappings are well-known (see, e.g.,
Whyburn’s book [18]). Also concepts of weakly monotone and of confluent mappings
between continua are known for years and were studied by a number of authors. The
reader is referred to Mac´kowiak dissertation [12] for interrelations between these classes
of mappings and their basic properties. Some properties related to almost monotone and
feebly monotone mappings (without using these names) were considered by Mac´kowiak
in [12, proof of Theorem 4.44, p. 25]). Feebly monotone mappings were introduced by the
author in [2, p. 210] to investigate mapping properties of unicoherence at subcontinua, but
only a few facts about these mappings have been shown. In the present paper we give a
more systematic study of this class of mappings.
We start with showing connections between almost monotone and feebly monotone
mappings and related classes of mappings as monotone, quasi-monotone and weakly
monotone ones in Section 2. Next section is devoted to study basic properties related
to compositions of the considered mappings. In Sections 4 and 5 we investigate some
properties of indecomposable and of irreducible continua that concern the discussed
classes of mappings. In particular, theorems of Fugate and Mohler, and of Mac´kowiak on
invariance of irreducibility of continua, known for quasi-monotone mappings, are extended
to feebly monotone mappings. Connections between unicoherence of continua and feebly
monotone mappings are studied in Section 6, where a new characterization of dendrites
in terms of these mappings is proved. Section 7 concerns terminal continua in the sense
introduced by Bennett and Fugate in [1]. Results obtained in Section 5 are here applied to
extend some earlier author’s results concerning mapping properties of terminal continua
and other related concepts.
2. Relations to cognate mappings
We start with the following proposition which is a consequence of the definition.
Proposition 2.1.
(a) Each monotone mapping is almost monotone.
(b) Each almost monotone mapping is feebly monotone.
(c) Each almost monotone mapping is quasi-monotone.
(d) Each quasi-monotone mapping is weakly monotone.
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The following diagram illustrates these implications.
monotone ⇒ almost monotone ⇒ quasi-monotone ⇒ weakly monotone
⇓
feebly monotone
Recall that if M is a class of mappings between continua, then a mapping f :X→ Y is
said to be hereditarily M provided that for each subcontinuum K of the domain X the
partial mapping f |K :K→ f (K) ⊂ Y is in M. The next result has been shown in [12,
Theorem 4.44, p. 25].
Proposition 2.2 (Mac´kowiak). Each hereditarily confluent mapping is almost monotone.
Remarks 2.3. None of the implications of Propositions 2.1 and 2.2 can be reversed.
(a) The identification of the end points of the limit segment of the sin(1/x)-curve
is an almost monotone but not confluent (thus neither hereditarily confluent nor
monotone) mapping.
(b) A mapping f from the unit circle S1 = {(x, y) ∈ R2: x2 + y2 = 1} onto the closed
interval [−1,1] defined by f ((x, y))= x is feebly monotone and quasi-monotone
but not almost monotone.
Remarks 2.4. Neither of the classes of quasi-monotone and of weakly monotone
mappings is simply related (by inclusion) to the class of feebly monotone surjective
mappings.
(a) A mapping f : [0,1] → [0,1] defined by f (x) = 2x for x ∈ [0,1/2] and f (x) =
2 − 2x for x ∈ [1/2,1] (so called tent-map) is quasi-monotone but not feebly
monotone.
(b) In the plane R2 consider the closure H of the harmonic sequence in the closed unit
interval, i.e., H = {(0,0)} ∪ {(1/n,0): n ∈ N}, and let X be the suspension of H
with tops (0,1) and (0,−1), i.e., the union of straight line segments joining the tops
with points of H . Let Y ⊂X be the (limit) straight line segment joining the two tops
of the suspension. The natural projection f :X→ Y defined by f ((x, y))= (0, y)
for (x, y) ∈X is weakly monotone and feebly monotone but not quasi-monotone.
(c) The restriction of f of the previous example to the upper half of the domain (i.e., the
natural projection of the harmonic fan onto its limit segment) is weakly monotone,
but neither quasi-monotone nor feebly monotone.
(d) The following example, which is due to Alejandro Illanes, shows a feebly monotone
but not weakly monotone mapping. Consider two distinct points p and q of an
indecomposable continuum Z, and let r be a point out of Z. Let arcs rp and rq
be situated in such a way that rp ∩ rq = {r} and (rp ∪ rq) ∩ Z = {p,q}. Define
X = rp ∪ rq ∪ Z. Let f be a mapping from X onto a continuum Y such that the
restrictions f |rp and f |rq are homeomorphisms onto the same arc f (r)f (p) =
f (r)f (q)⊂ Y and that f−1(y) is a one-point set for each y ∈ Y \ f (r)f (p).
To see that f is not weakly monotone consider a point s ∈ rp\{r,p} and a nondegenerate
continuum P ⊂Z satisfying p ∈ P and q /∈ P . Put M = sp ∪ P and note that intf (M)=
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intf (sp) 6= ∅, while f−1(f (M)) has two components, the image of one of them is
f (sp) 6= f (M).
To see that f is feebly monotone consider two proper subcontinua A and B of Y such
that Y = A ∪ B and f (r) ∈ A. Then int(B ∩ f (Z)) 6= ∅, so f (Z) ⊂ B . Therefore B =
f (Z)∪ bf (p) for some point b ∈ f (rp), and thus f−1(B) is connected. The continuum A
is either the arc f (r)a for some point a ∈ f (rp) or it is the union of f (rp) and of some
proper subcontinuum of f (Z). In either case f−1(A) is connected.
(e) Replacing in the previous example the indecomposable continuum Z by the
sin(1/x)-curve, and taking the end points of the limit segment as the points p and q ,
we obtain an example with the same mapping properties as before, and with X and
Y being hereditarily decomposable.
Answering a question of the author, the referee has shown the following proposition.
Proposition 2.5. Let f :X→ Y be a feebly monotone mapping of a continuum X onto a
locally connected continuum Y . Then f is confluent (and, therefore, weakly monotone).
Proof. Suppose there is a subcontinuum Q of Y and there is a component K of f−1(Q)
such that Q \f (K) 6= ∅. Take a point p ∈Q \f (K). Since Y is locally connected, there is
a continuum C ⊂ Y \ f (K) containing p in its interior. Let V be a neighborhood of p in
C such that clV ⊂ intC. Let A denote the component of Y \ V containing f (K). Clearly,
A is a proper subcontinuum of Y . Since Y is locally connected, there is a set D open and
closed in Y \ V such that D \C =A \C. Set
E = Y \ (V ∪D) and B =Q∪C ∪E.
Observe that B is a continuum and that A∪B = Y .
Since C ∪ E is a compact set missing f (K), the continuum K is a component of
f−1(B). Since f (K) 6= B and f is a surjection, f−1(B) is not connected. Consequently,
B 6= Y . Since both A and B are proper subcontinua of Y , the mapping f is not feebly
monotone. 2
3. Composition properties
A classM of mappings is said to have:
– the composition property provided that if f,g ∈M, then g ◦ f ∈M (see [12,
Chapter 5, Part A, p. 29]);
– the composition factor property provided that if g ◦ f ∈M, then g ∈M (see [12,
Chapter 5, Part B, p. 32]).
Proofs of the next two propositions are left to the reader.
Proposition 3.1.
(a) Almost monotone mappings and
(b) feebly monotone mappings have the composition property.
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Proposition 3.2.
(a) Almost monotone mappings and
(b) feebly monotone mappings have the composition factor property.
As an immediate consequence of the Whyburn factorization theorem (see [18, (4.1),
p. 141]) and of the composition factor property for the classes of almost and of feebly
monotone mappings we get the following result.
Proposition 3.3. For each almost (feebly) monotone mapping h :X → Z between
continua X and Z there exists a unique factorization of h into two mappings f :X→ Y
and g :Y → Z, i.e., h = g ◦ f , where f is monotone and g is almost (feebly) monotone
and light.
Remark 3.4. If the composition h = g ◦ f :X→ Z is almost (feebly) monotone (see
Propositions 3.1 and 3.2), then the mapping f : X → Y need not be almost (feebly)
monotone (even if both h and g are monotone). In fact, the monotone mapping h : [0,1]→
[0,1] defined by h(x) = 3x for x ∈ [0,1/6], h(x) = 1/2 for x ∈ [1/6,5/6] and h(x) =
3x − 2 for x ∈ [5/6,1] can be factored by h = g ◦ f so that f : [0,1]→ [0,1] is defined
by f (x) = 2x for x ∈ [0,1/3], f (x) = 1 − x for x ∈ [1/3,2/3], and f (x) = 2x − 1 for
x ∈ [2/3,1] (and thus f is not feebly monotone), and g : [0,1] → [0,1] is defined by
g(x) = 3x/2 for x ∈ [0,1/3], g(x) = 1/2 for x ∈ [1/3,2/3], and g(x) = (3x − 1)/2 for
x ∈ [2/3,1] (and thus g is monotone).
4. Relations to indecomposability
A continuum X is said to be decomposable if it contains two proper subcontinua whose
union is X. Otherwise it is said to be indecomposable.
Proposition 4.1. For each decomposable continuum Y there exist a continuum X and a
surjective mapping f :X→ Y which is neither weakly monotone nor feebly monotone.
Proof. Let A and B be proper subcontinua of Y whose union is Y , and let p ∈ A \ B . In
the Cartesian product Y × [0,1] consider the continuum X = (Y × {0})∪ ({p} × [0,1])∪
(A×{1}). Define a natural projection f :X→ Y ×{0} by f ((x, t))= (x,0) for each point
(x, t) ∈X. Then f−1(B × {0}) is the union of two nonempty disjoint closed sets: B × {0}
and f−1(B × {0})∩ (A× {1}), so it is not connected. Each component of the latter one is
mapped into (A∩B)×{0} under f , so f is neither weakly monotone nor feebly monotone,
as needed. The proof is complete. 2
The next result extends author’s earlier assertions (see [2, Proposition 2, p. 210] and [5,
Remark 3, p. 71]).
Theorem 4.2. The following conditions are equivalent for a continuum Y :
(1) Y is indecomposable;
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(2) each mapping from a continuum onto Y is almost monotone;
(3) each mapping from a continuum onto Y is quasi-monotone;
(4) each mapping from a continuum onto Y is weakly monotone;
(5) each mapping from a continuum onto Y is feebly monotone.
Proof. We will show two circles of implications: (1)⇒ (2)⇒ (3)⇒ (4)⇒ (1) and (1)⇒
(2)⇒ (5)⇒ (1).
(1) implies (2) since Y being indecomposable contains no proper subcontinuum with
the nonempty interior (see [10, § 48, V, Theorem 2, p. 207]). The implications from (2) to
(3) and from (3) to (4) are consequences of Proposition 2.1 (c) and (d), respectively. The
implication from (4) to (1) is shown in Proposition 4.1. So the first circle of implication
is completed. To complete the second one it remains to note that (2) implies (5) by (b) of
Proposition 2.1, and (5) implies (1) again by Proposition 4.1. 2
Indecomposability of continua is an invariant property under mappings satisfying some
monotoneity conditions. A proof of the following result is left to the reader.
Theorem 4.3. If a continuum X is indecomposable and a surjective mapping f :X→ Y
is feebly monotone, then Y is indecomposable.
In the next theorem we consider a class of mappings which intersects the class of quasi-
monotone ones, but which is not contained in the class of weakly monotone mappings.
Theorem 4.4. If a continuum X is indecomposable and a surjective mapping f :X→ Y
is such that for each subcontinuum Q in Y with the nonempty interior the inverse image
f−1(Q) has at most countably many components, then Y is indecomposable.
Proof. Suppose that Y is decomposable. Then Y contains a proper subcontinuum Q
with the nonempty interior (see [10, § 48, V, Theorem 2, p. 207]). Since f−1(intQ) ⊂
intf−1(Q) by continuity of f , we infer that intf−1(Q) 6= ∅. Since f−1(Q) has at most
countably many components by assumption, the Baire theorem implies that there exists a
component C of f−1(Q) with intC 6= ∅. Thus C is a proper subcontinuum of X with the
nonempty interior, contrary to the indecomposability of X according to the above quoted
Theorem 2 of [10, § 48, V, p. 207]. The proof is complete. 2
Corollary 4.5. If a continuum X is indecomposable and a surjective mapping f :X→ Y
is quasi-monotone, then Y is indecomposable.
Remarks 4.6.
(a) Note that the mappings f considered in Theorem 4.4 need not satisfy the condition
that every component of the inverse image of a subcontinuumQ of Y with intQ 6= ∅
has to be mapped onto Q under f (as it is assumed for quasi-monotone and for
weakly monotone mappings). Thus these mappings need not be quasi-monotone or
weakly monotone.
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(b) The assumption concerning countability of the set of components of f−1(Q) in
Theorem 4.4 is essential, even if we additionally assume that each of them is mapped
onto Q. Consequently, the implication of Theorem 4.4 and Corollary 4.5 does not
hold for weakly monotone mappings f . To see this it is enough to take as f the
natural projection of the dyadic solenoid X onto the unit circle Y , a mapping which
obviously is open, thus confluent, thus weakly monotone (compare [12, Chapter 4,
Table II, p. 28]).
5. Relations to irreducibility
A concept which is strongly related to indecomposability is one of irreducibility
(see, e.g., [10, §48, pp. 190–226; especially Theorems 7 and 7′, pp. 212 and 213]).
A continuum X is said to be irreducible (between points a and b of X) if there are
in X two points a and b such that no proper subcontinuum of X contains both of
them. More general, a continuum X is said to be irreducible about a subset A ⊂
X provided that no proper subcontinuum of X contains A. Thus irreducibility of X
between a and b means that X is irreducible about the set {a, b}. It is known that
monotone mappings preserve irreducibility of continua. More precisely, if a continuum
X is irreducible between a and b and f :X→ Y is a monotone surjection, then Y is
irreducible between f (a) and f (b) (see [10, §48, I, Theorem 3, p. 192]). A natural
question arises how this result can be generalized, i.e., whether the assumption of
monotoneity of f can be relaxed by considering of wider classes of mappings. An
essential step forward has been made in [9, Theorem 3, p. 222], where it is proved that
quasi-monotone mappings preserve irreducibility of continua (compare [5, Theorem 4,
p. 71] for a more precise formulation of this result), and that the same preservation is
true for confluent mappings having the property that point inverses have finitely many
components, [9, Corollary 6, p. 223], and for local homeomorphisms, [9, Theorem 8,
p. 224]. For a generalization to quasi-monotone mappings of continua irreducible about
arbitrary sets see [11, Theorem 4, p. 337 and Corollary 5, p. 338]. Note however that
weakly monotone mappings do not preserve irreducibility as it can be seen from the
projection of the dyadic solenoid onto the circle (Remark 4.6(b); compare also [9, Example,
p. 223]).
In the light of the above quoted results a natural question arises whether feebly monotone
mappings preserve irreducibility of continua. To formulate the result recall the following
concept. A subset S of a continuum X is called a set of irreducibility of X provided that
there is a point p of X such that the continuumX is irreducible about the set S ∪ {p}. The
following assertions are proved as Theorems 3 and 4 of [11, pp. 336 and 337].
Proposition 5.1 (Mac´kowiak). A set S is a set of irreducibility of a continuum X if and
only if there do not exist two proper subcontinuaK and L of X such that X =K ∪L and
S ⊂K ∩L.
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Proposition 5.2 (Mac´kowiak). If S is a set of irreducibility of a continuum X and a
surjective mapping f :X→ Y is quasi-monotone, then f (S) is a set of irreducibility of
the continuum Y .
The next result is an analog of the above proposition for feebly monotone mappings.
Theorem 5.3. If S is a set of irreducibility of a continuum X and a surjective mapping
f :X→ Y is feebly monotone, then f (S) is a set of irreducibility of the continuum Y .
Proof. Suppose f (S) is not a set of irreducibility of Y . Then by Proposition 5.1 there are
proper subcontinua A and B of Y such that Y = A ∪ B and f (S) ⊂ A ∩ B . Since f is
feebly monotone, the sets K = f−1(A) and L = f−1(B) are (proper) subcontinua of X
whose union is X. Further, S ⊂ f−1(f (S))⊂K ∩ L, whence it follows that S is not a set
of irreducibility of Y . 2
As a consequence of Proposition 5.2 and Theorem 5.3 we get two corollaries that extend
the mentioned earlier results due to Fugate and Mohler [9, Theorem 3, p. 222] and to
Mac´kowiak [11, Corollary 5, p. 338].
Corollary 5.4. Let k be a positive integer. If a continuum X is irreducible about k points
and a surjective mapping f :X→ Y is either quasi-monotone or feebly monotone, then
the continuum Y is irreducible about k points.
Corollary 5.5. If a continuum X is irreducible between points a and b, and a surjective
mapping f :X→ Y is feebly monotone, then the continuum Y is irreducible between f (a)
and f (b).
Summarizing the the result in Corollary 5.5, and the above quoted ones of Fugate and
Mohler [9], we get the following corollary.
Corollary 5.6. If a continuum X is irreducible between points a and b, and a surjective
mapping f :X→ Y is either quasi-monotone, or feebly monotone, or confluent with point
inverses having finitely many components, or a local homeomorphism, then the continuum
Y is irreducible between f (a) and f (b).
Note that no one of the classes of mappings of Corollary 5.6 is contained in another one.
6. Relations to unicoherence
A continuum X is said to be:
– unicoherent provided that the intersection of every two of its subcontinua whose union
is X is connected;
– hereditarily unicoherent provided that each of its subcontinua is unicoherent;
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– unicoherent at a subcontinuum C ⊂ X provided that for each pair of proper
subcontinua A and B of X such that A ∪ B = X the intersection A ∩ B ∩ C is
connected.
This last concept has been introduced and studied by Owens in [14], where it is observed
that a continuumX is unicoherent if and only if it is unicoherent at X [14, Proposition 1.1,
p. 146].
Recall that a surjective mapping f :X→ Y between continua X and Y is said to be
feebly monotone at a subcontinuumQ of Y provided that for every two proper subcontinua
A and B of Y such that A ∪ B = Y and that A ∩Q 6= ∅ 6= B ∩Q their inverse images
f−1(A) and f−1(B) are connected (see [2, p. 210]). Thus f is feebly monotone if and
only if it is feebly monotone at Y . We say that a mapping f :X→ Y between continua
X and Y preserves unicoherence (at subcontinua) provided that if X is unicoherent (at a
subcontinuum C of X), then Y is unicoherent (at f (C)). The following two results are
known (see [2, Theorem 5 and Corollary 6, p. 211]).
Theorem 6.1. Let a continuum X be unicoherent at its subcontinuum C. If a surjective
mapping f :X→ Y is feebly monotone at f (C), then Y is unicoherent at f (C).
Corollary 6.2. Feebly monotone surjective mappings preserve unicoherence at subcon-
tinua.
Consequently, the next result follows.
Corollary 6.3. Feebly monotone surjective mappings preserve unicoherence of continua.
Remarks 6.4.
(a) Note that the above result corresponds to one saying that quasi-monotone mappings
preserve unicoherence of continua, [18, (8.61), p. 154].
(b) A similar result for weakly monotone mappings is not true, as it can be seen again
by the projection of the dyadic solenoid onto the circle (see Example 7.2 of [12,
p. 58] and Remark 4.6(b); compare also [9, Example, p. 223]).
Remarks 6.5.
(a) Quasi-monotone mappings (and thus weakly monotone ones) do not preserve
unicoherence at subcontinua, as it can be seen, e.g., from Example 13 of [2,
p. 213], where the considered mapping is shown to be light open. But on locally
connected continua light open mappings coincide with light quasi-monotone ones,
[18, Theorem 8.2, p. 152], so the argument is correct.
(b) In connection with the above mentioned coincidence of light open and of light
quasi-monotone mappings when defined on locally connected continua observe that
Statements 14 and 18 of [2, pp. 213 and 214] have the same contents, so one of them
is superfluous.
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Remark 6.6. A question is asked [2, Question 15, p. 213] whether local homeomorphisms
preserve unicoherence at subcontinua. A partial (for locally connected domain continua)
affirmative answer is formulated in Theorem 10 of [19, p. 260]. But the proof of this
theorem is based on a false result (viz. Theorem 9 of [19, p. 259]), so even in this particular
case of locally connected continua the question remains open. The reader is referred to [7],
for a detailed discussion as to whether which results of [19] are correct.
Remark 6.7. It is well known that monotone images of hereditarily unicoherent continua
are hereditarily unicoherent, see, e.g., [12, (7.6), p. 59]. This result cannot be extended to
almost monotone mappings even: almost monotone mappings (and, consequently, quasi-
monotone, weakly monotone and feebly monotone mappings) do not preserve hereditary
unicoherence of continua. In fact, the sin(1/x)-curve X is hereditarily unicoherent, while
the continuum Y obtained from X by the identification of the end points of the limit
segment of X is not (it contains a simple closed curve), and the identification mapping
is almost monotone (see Remark 2.3(a) above).
Recall that a dendrite means a locally connected continuum containing no simple
closed curve. Very recently Oliveros and Puga have obtained the following result [16,
Corollary 2.8].
Proposition 6.8 (Oliveros and Puga). If a locally connected continuum X is unicoherent
at a one-dimensional subcontinuum C of X, then C is a dendrite.
This result has been used (without any argument) in proof of Theorem 9 of [19, p. 259].
A similar result (where one-dimensionality of X is assumed) has been shown in [7,
Theorem 1, p. 632]. We shall use this result to show the following characterization of
dendrites.
Theorem 6.9. A one-dimensional continuum Y is a dendrite if and only if there exists a
feebly monotone mapping from a locally connected unicoherent continuum onto Y .
Proof. Since each dendrite is unicoherent, [10, §51, VI, Theorem 1, p. 300], the
identity mapping shows one implication. Assume now that there are a locally connected
unicoherent continuum X and a feebly monotone surjection f :X → Y . Since X is
unicoherent, it is unicoherent at X by [14, Proposition 1.1, p. 146], whence it follows
from Corollary 6.2 that Y is unicoherent at f (X)= Y , and thus Y is a dendrite according
to Proposition 6.8. The proof is then complete. 2
7. Relations to terminal continua
A proper subcontinuum K of a continuum X is called a terminal continuum of X
provided that if A and B are proper subcontinua of X such that X = A ∪ B and
A∩K 6= ∅ 6= B∩K , then eitherX =A∪K orX = B ∪K . This concept, introduced in [1,
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Definition 1.1, p. 7], should not be confused with other ones, known under the same name
(see [1, pp. 35 and 39] as well as [5, Remark 1, p. 69]). For various structural properties of
terminal continua see [1]. Some their mapping properties are investigated, e.g., in [3–6].
If a closed subset C of a continuum X is given, we consider a decomposition of X
into disjoint closed subsets of X, namely into C and singletons of X \ C. Thus if C is
nondegenerate, it is the only nondegenerate element of the decomposition. It is known
that the decomposition is upper semicontinuous and that the quotient space X/C of this
decomposition is a continuum. If C is a subcontinuum of X, then the quotient mapping
q :X→X/C (which shrinks C to a point and is a homeomorphism on X \C) is obviously
monotone. See Chapter 7 of Whyburn’s book [18] for the details.
The following characterization of terminal continua in known (see [1, Corollary 1.14,
p. 9]).
Theorem 7.1 (Bennett and Fugate). A subcontinuum K of a continuum X is terminal if
and only if the continuum X/K is irreducible from K to some point.
Let a subcontinuum K of a continuum X be given and let f :X→ Y be a surjective
mapping. Denote by q :X → X/K and r :Y → Y/f (K) the quotient mappings, and
by f∗ :X/K → Y/f (K) the induced mapping for f (see, e.g., Dugundji’s book [8,
Theorem 7.7, p. 17] for the details of the definition and for the continuity; compare also [5,
p. 70]). Note that f∗ ◦ q = r ◦ f , i.e., the following diagram commutes.
X
q
f
Y
r
X/K
f∗
Y/f (K)
(7.2)
Theorem 7.3. Let a subcontinuum K of a continuum X be given and let a surjective
mapping f :X→ Y be such that the induced mapping f∗ :X/K→ Y/f (K) for f is feebly
monotone. Then
(7.4) if K is a terminal continuum of X, then f (K) either is a terminal continuum of Y
or f (K)= Y .
Proof. If K is a terminal subcontinuum of X, then the continuum X/K is is irreducible
from K to some point of X/K by Theorem 7.1. Since f∗ is feebly monotone, the
set f∗(X/K) = Y/f (K) is either an irreducible continuum from the point f∗(K) =
r(f (K))= {f (K)} ⊂ Y/f (K) to some point of Y/f (K) according to Corollary 5.5, where
r :Y → Y/f (K) is the quotient mapping, or is degenerate. Applying Theorem 7.1 once
more we conclude that f (K) either is terminal in Y or equals Y , so implication (7.4) holds
true. The proof is then complete. 2
Proposition 7.5. Let a subcontinuum K of a continuum X and let a surjective mapping
f :X→ Y be given. If f is feebly monotone (almost monotone, quasi-monotone, weakly
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monotone), then the induced mapping f∗ :X/K→ Y/f (K) for f is also feebly monotone
(almost monotone, quasi-monotone, weakly monotone, respectively).
Proof. For quasi-monotone mappings the result is shown in [5, Lemma 6, p. 71]. We
shall argue for almost, feebly and weakly monotone mappings. Since diagram (7.2) is
commutative, we conclude that
f−1∗ (Q)= q
(
f−1
(
r−1(Q)
)) (7.6)
for each subcontinuum Q of Y/f (K). If intQ 6= ∅, then r−1(Q) is a subcontinuum of
Y with int r−1(Q) 6= ∅ by the definition of r . Then, in case when f is almost monotone,
f−1(r−1(Q)) is a subcontinuum of X with the nonempty interior, whence the same is true
for f−1∗ (Q) by (7.6) and by the definition of q . So, the argument is complete for almost
monotone mappings.
In case f is feebly monotone, let A and B be subcontinua whose union is Y/f (K).
Arguing as previously we infer from (7.6) that both f−1∗ (A) and f−1∗ (B) are connected, as
needed.
In case when f is weakly monotone it is enough to observe that components of the
inverse image f−1∗ (Q) coincide with the images under q of components of the inverse
image f−1(r−1(Q)), and that these components are mapped onto Q under r ◦ f by the
assumed weak monotoneity of f . The proof is complete. 2
Remark 7.7. The inverse implication to that of Proposition 7.5 is not true (for any kind
of the considered mappings). This can be seen by Example 7 in [5, p. 72] for almost
monotone, quasi-monotone and feebly monotone mappings. A small modification of this
example shows an argument also for weakly monotone mappings.
Theorem 7.3 and Proposition 7.5 lead to the following corollary, which corresponds to
Corollary 8 of [5, p. 72] (for quasi-monotone mappings).
Corollary 7.8. If a surjective mapping f :X→ Y of a continuum X is feebly monotone,
then implication (7.4) holds true.
Remark 7.9. If we assume that the mapping f is weakly monotone (instead of being
feebly monotone as in Corollary 7.8), then implication (7.4) need not hold. This can be
seen by the following example (compare also Example 21 in [5, p. 21]). Let C1 and C2 be
two circles in the plane with centers at the origin and with radii 1 and 2, respectively. In
the polar coordinates (ρ,ϕ) define a spiral line
S = {(ρ,ϕ): ρ = (2+ eϕ)/(1+ eϕ) and ϕ ∈R}
which approximates both C1 and C2, and take a straight line segment K = {(ρ,0): ρ ∈
[0,1]}. Then the union X = K ∪ C1 ∪ S ∪ C2 is a continuum having K as a terminal
subcontinuum (note thatX/K is homeomorphic to C1∪S∪C2, so it is irreducible between
any two points, one belonging to C1 and the other to C2; next apply Theorem 7.1). Let
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f :X → C1 be the central projection defined by ((ρ,ϕ)) = (1, ϕ). Thus f is weakly
monotone, but f (K)= {(1,0)} is not terminal.
Remark 7.10. The reader can find implication (7.4) for monotone mappings f as an
exercise in Nadler’s book [13, 1.205.1, p. 196]. Recall however that the name “terminal”
in [13] has another (stronger) meaning than in the present paper.
Recall the following characterization of terminal subcontinua of irreducible continua
(see [1, Theorem 1.8, p. 8]).
Theorem 7.11 (Bennett and Fugate). A proper subcontinuum K of an irreducible
continuum X is terminal if and only if K contains a point of irreducibility of X.
Theorem 7.11 and Corollary 5.5 imply the following result, which extends Theorem 10
of [5, p. 72].
Theorem 7.12. If a surjective mapping f :X→ Y of an irreducible continuumX is either
feebly monotone or quasi-monotone, then Y is irreducible and the image of a terminal
subcontinuum of X is a terminal subcontinuum of Y or equals the whole Y .
A proper subcontinuumK of a continuumX is called an end continuum of X provided
that X is not the union of two proper subcontinua each intersecting K . The following
characterization of end continua is due to Rosen ([17, p. 118]; see also [1, Theorem 1.16,
p. 10]).
Theorem 7.13 (Bennett and Fugate, Rosen). A subcontinuumK is an end continuum of a
continuum X if and only if there is a point p ∈X \K such that X is irreducible from p to
each point of K .
The relationship between terminal and end continua is given by the result below, which
is proved as Theorem 1.11 of [1, p. 8].
Theorem 7.14 (Bennett and Fugate). A subcontinuum K is an end continuum of a
continuum X if and only if K is a terminal continuum with empty interior.
The next theorem concerns invariance of end continua under feebly monotone mappings,
and corresponds to a similar result known for quasi-monotone mappings (viz. Theorem 16
of [5, p. 73]). Since the proof of the result goes along the same lines as for quasi-monotone
mappings (with an obvious change of using ours Corollaries 5.5 and 7.8 in place of
Theorem 4 and Corollary 8 of [5, pp. 71 and 72]), respectively, its details are left to the
reader.
Theorem 7.15. Let a surjective mapping f :X→ Y of a continuumX be feebly monotone.
If K is an end continuum of X, then f (K) either is an end continuum of Y or f (K)= Y .
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Remarks 7.16.
(a) The conclusion of Theorem 7.15 is not true for weakly monotone mappings f . For
details see Remark 20 and Example 21 of [5, p. 75].
(b) Also Remark 22 and Example 23 of [5, pp. 75 and 76] are applicable to feebly
monotone mappings.
Let a subcontinuum S of a continuum X be given. If S is terminal in the union I ∪ S
for every irreducible subcontinuum I in X such that I ∩ S 6= ∅ 6= I \ S, then S is called an
extremal continuum inX (see [15, p. 264]). Examples are presented in [15, p. 265] showing
that neither of these concepts (of a terminal and of an extremal continuum) includes the
other one. The reader is referred to [15, Theorem 3.3, p. 268 and Corollary 3.4, p. 269] to
see various characterizations of extremal continua (quoted also in [4, Theorem 1, p. 276]).
The following theorem, which is a consequence of Corollary 5.5 and Theorem 2 of [4,
p. 276], concerns invariance of end continua under mappings related to feebly monotone
ones. It corresponds to a similar result known for quasi-monotone mappings (viz. Theo-
rem 8 of [4, p. 278]).
Theorem 7.17. Let an extremal continuum S in a continuum X be given, and let a
surjective mapping f :X→ Y satisfy the two conditions:
(a) for each irreducible subcontinuum I of X which is irreducible from a point p ∈ S
to some other point of X the restriction f |I : I → f (I) is feebly monotone;
(b) for each irreducible subcontinuum J of Y such that J ∩f (S) 6= ∅ the inverse image
f−1(J ) is an irreducible subcontinuum of X.
Then f (S) is an extremal continuum in Y .
Theorem 7.17 leads to corollaries formulated for quasi-monotone mappings as Corol-
laries 9 and 10 of [4, pp. 278 and 279]. So, the reader is requested to substitute “feebly
monotone” in place of “quasi-monotone” in the above quoted two corollaries to get proper
formulations of the results.
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